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We present a critical assessment of the calculation and uncertainty of the 214Pb → 214Bi ground
state to ground state β decay, the dominant source of background in liquid Xenon dark matter
detectors, down to below 1 keV. We consider contributions from atomic exchange effects, nuclear
structure and radiative corrections. For each of these, we find changes much larger than previously
estimated uncertainties and discuss shortcomings of the original calculation. Specifically, through
the use of a self-consistent Dirac-Hartree-Fock-Slater calculation, we find that the atomic exchange
effect increases the predicted flux by 10(3)% at 1 keV relative to previous exchange calculations.
Further, using a shell model calculation of the nuclear structure contribution to the shape factor, we
find a strong disagreement with the allowed shape factor and discuss several sources of uncertainty.
In the 1-200 keV window, the predicted flux is up to 20% lower. Finally, we discuss omissions and
detector effects in previously used QED radiative corrections, and find small changes in the slope at
the & 1% MeV−1 level, up to 3% in magnitude due to omissions in O(Zα2, Z2α3) corrections and
3.5% uncertainty from the neglect of as of yet unavailable higher-order contributions. Combined,
these give rise to an increase of at least a factor 2 of the uncertainty in the 1-200 keV window. We
comment on possible experimental schemes of measuring this and related transitions.
I. INTRODUCTION
With many experiments looking for Beyond Standard
Model (BSM) physics signatures at the expected level of
unavoidable background, an accurate calculation of the
latter is crucial. In order to mitigate obvious sources
of background, most of these experiments are located
sufficiently deep underground so as to have a significant
amount of overburden and effectively shield it from most
cosmogenic radiation. As a consequence, the remain-
ing background is typically related to naturally occurring
radiation, either from the construction materials them-
selves or the surrounding underground laboratory envi-
ronment. In the case of dual-phase liquid Xenon (LXe)
detectors, the main backgrounds consist of isotopes of
Xenon itself, and β decay products of 220,222Rn emanat-
ing into the detector volume. Dark matter or axion-like
particle searches in this type of geometry are expected to
show up in the keV range, placing stringent constraints
on the calculation of β spectra.
Recently, the XENON1T collaboration [1] observed
an apparent excess of events relative to the background
model in the very lowest energy bins, between 1-5 keV,
for which several possible BSM possibilities were inves-
tigated and which have in turn inspired a flurry of phe-
nomenological activity. At these low energies, the back-
∗ Corresponding author: lmhayen@ncsu.edu
ground is dominated by the ground state to ground state
β− decay of 214Pb, which has a 27 minute half-life and
is continually produced as a byproduct of the 222Rn α
decay chain present in the environment and which em-
anates into the installation. The authors [1] stress the
need for a precise calculation of the 214Pb β spectrum
near low energies for which a number of corrections were
taken into account. Despite this, some of the approxima-
tions turn out not to be valid, which underscores both the
difficulty and level of scrutiny required to make accurate
predictions in a regime where scarcely any high-quality
data exist, particularly for the mass range of interest.
In the following sections we discuss a number of correc-
tions which were either not included or calculated too
crudely. We treat the atomic exchange correction in Sec.
II B, nuclear structure effects in Sec. II C and finally ra-
diative corrections in Sec. II D. Section III looks at the
cumulative effect compared to the previous estimate and
looks ahead. All the other components of the β spectrum
shape are based on a recent review [2] and its open-source
implementation [3].
II. SPECTRAL CORRECTIONS
A. Preliminaries
Practically all β− decays, while a weak quark-level pro-
cess, occur not simply in a nucleus but typically inside
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2an atom or molecule. As a consequence, the total Hamil-
tonian one must deal with is then
H = Hnucl +He−e +Hweak, (1)
whereHnucl also contains the Coulomb potential of initial
and final nuclear states1. Because of the smallness of the
weak interaction strength near zero momentum transfer
appropriate to β decay (the Fermi coupling constant is
GF ≈ 10−5 GeV−2), it is sufficient for all practical pur-
poses to treat it only to first order. Scattering states are
eigenfunctions of the remaining part of Eq. (1).
Since the energy transfer in nuclear β decay is much
smaller than the W boson mass, we can up to zeroth-
order in QED effects write the weak Hamiltonian as a
local current-current interaction
Hweak = GF√
2
VudHµL
µ + h.c. (2)
where Vud is the up-down quark mixing matrix element,
Lµ is the lepton current
Lµ = u¯eγ
µ(1− γ5)vν (3)
and Hµ a hadronic operator. While we hold off on a de-
scription of the latter until Sec. II C, Lorentz-invariance
requires it to be a combination of vector, Vµ, and axial
vector, Aµ, parts. Using this information we can write
an initial Fock state
|i〉 = |Ji,Mi, Ti, T3i, αi〉nucl|ji,mi;nb1 · · ·nbk〉e−e (4)
where J(T ) denotes (iso)spin, α are additional quantum
numbers and nbi are bound electrons with suppressed
quantum numbers combining to total angular momen-
tum ji. The final state can be constructed analogously
with a continuum electron and antineutrino.
The β spectrum shape can then be decomposed
dΓ
dWe
=
G2FV
2
ud
2pi3
F (We)C(We)R(We)X(We)K(We)
× peWe(W0 −We)2 (5)
where F is the usual Fermi function which takes into ac-
count the Coulomb interaction between outgoing β par-
ticle and the final nucleus, X is the exchange correction
discussed in Sec. II B, C is the so-called shape factor
which takes into account the nuclear structure effects
discussed in Sec. II C, R are QED radiative corrections
discussed further in Sec. II D, and K is a collection of
smaller corrections [2]. Equation (5) was written assum-
ing ~ = c = me = 1 while We = Ekin/me + 1 is the
total β particle energy, W0 is its maximum value, and
pe =
√
W 2e − 1 is the β momentum.
1 We have assumed here the Born-Oppenheimer approximation to
separate the nuclear and electronic response.
B. Atomic exchange effect
From Eq. (1) it is clear that initial and final electronic
eigenstates are non-orthogonal due to the charge-change.
This generates a richness as multiple decay channels open
up. The most evident of these are atomic final state exci-
tations (shake-up and shake-off), and while this process
takes away small amounts of energy it does not appre-
ciably change the spectrum shape at low energies [2].
In the case of β− decay, however, there is an additional
possibility due to the indistinguishability of the emerging
electron with the surrounding atomic electrons. Since the
final state consist simply of a continuum electron, the β
electron can be thought to decay directly into a bound
state in the daughter atom with the subsequent expulsion
of the previously bound electron, i.e. an atomic exchange
[4]. This is a single-step process which interferes linearly
with the tree-level β decay amplitude and is found to
increase the decay rate substantially near low energies
[5]. The reason for the latter is intuitively clear, as the
probability for decay into a bound state and the creation
of a continuum electron state depends on the overlap be-
tween the wave functions. As the β energy decreases, the
spatial extension of its wave function increases, and the
overlap with bound state wave functions (with an extent
on the order of the Bohr radius) increases.
The calculation of the exchange correction requires
an accurate knowledge of both bound and continuum
wave functions. It’s well-known that orbital angular mo-
mentum, L, doesn’t commute with the Dirac Hamil-
tonian and the solution to the central equation con-
tains a mixture of states categorized instead according
to K = β(σ · L + 1), with eigenvalues κ = −1(+1) for
s1/2(p1/2) states. The solution to the Dirac equation in
a central potential is then commonly written as
φµκ(r) =
(
sign(κ)fk(r)χ
µ
−κ(rˆ)
gκ(r)χ
µ
κ(rˆ)
)
(6)
where χµκ(rˆ) is a 2×1 column matrix, and g, f are purely
radial functions.
In the easily tractable case for an allowed β transi-
tion (∆pi = no, ∆J = 0, 1), the lepton field carries no
orbital angular momentum and both leptons have total
spin j = 1/2. In this case the exchange effect under some
approximations reduces to X ≡ 1 + η where [5]
η = fs(2Ts + T
2
s ) + (1− fs)(2Tp + T 2p ) (7)
with fs the proportional effect of s1/2 states
fs =
gc−1(R)
2
gc−1(R)2 + f
c
1(R)
2
, (8)
where {g, f}c are continuum radial functions evaluated
at the nuclear radius, R. Finally,
Tl = −
∑
nl∈γ
〈El|nl〉{g, f}
b
n,κl
(R)
{g, f}cκl(R)
(9)
3where {g, f} is the large component radial wave function
depending on κl, n is the principal quantum number of
the bound state, and 〈El|nl〉 represents the overlap be-
tween a continuum state of energy E and bound state
|nl〉. Finally, γ is the electron configuration of occupied
states, which corresponds to the parent configuration in
the sudden approximation.
The calculations quoted in Ref. [1] are based on Eq.
(7) and use fits to numerically calculated atomic electric
potentials by Salvat et al. [6] with a free fit parameter
for every orbital to reach agreement with single-electron
binding energy calculations. The second term in the rhs
of Eq. (7), i.e. p1/2 contributions, was neglected together
with higher κ contributions for forbidden transitions. Of
all the |ns〉 states, the exchange effect in the very low-
est energy range predominantly occurs with the highest
occupied |ns〉 states. As a consequence, the overlap in-
tegral in Eq. (9) is extremely sensitive to the position
of its n − 1 radial nodes, which in turn depends on the
precision of the wave functions. For the calculation of
214Pb performed in Ref. [1], this poses a number of is-
sues: (i) The fitted potentials of Ref. [6] are reported as
a sum of three Yukawa functions over the entire range of
the atom, and do not capture the oscillatory behaviour of
the charge density; (ii) Only the electronic ground state
was taken into account; (iii) Electron wave functions in
Eq. (8) are evaluated only at the nuclear radius instead
of integrated over the nuclear volume; (iv) In Eq. (9)
initial and final bound states are assumed orthonormal,
i.e. 〈n′l′|nl〉 = δnn′δll′ .
Further, high-quality β spectroscopy data at very low
energies are extremely scarce and theoretical calculations
of Mougeot et al. [7] on which Ref. [1] is based reached
agreement only through the introduction of a nonphysical
screening correction [2] which enhanced the β spectrum
shape by > 5% in the lowest energy range rather than
diminish it by about −1%. In Ref. [1] it is stated that
the effect of including p1/2 orbitals can make up for this
difference. Using the same methods, however, this con-
tribution was estimated to be 0.3% at 1 keV [2]. To our
knowledge, unfortunately no agreement from the same
authors has been published. An independent study of
63Ni could also not reach agreement with measured spec-
tra below 5 keV [8]. It is hypothesized that a downturn
in the exchange contribution of one or more orbitals near
very low energies could be the cause, as this feature is
not replicated in a more direct numerical calculation [9].
This downturn is also present in the exchange correction
of Ref. [1].
We have performed a direct numerical calculation
which does not require the approximations specified
above. Specifically, the electron density is calculated self-
consistently in a Dirac-Hartree-Fock-Slater (DHFS) fash-
ion [9]. The integration is performed numerically over the
full nuclear volume, and takes into account all κ values.
The latter is a straightforward generalization and can,
e.g., be found in Ref. [9]. We note that a further gener-
alization of the latter using the Behrens-Bu¨hring machi-
nary in a molecular geometry is in preparation. Even
so, the contributions of |κ| > 1 to the exchange effect
can a priori be estimated to be negligible for spin 0↔ 1
transitions, since for p3/2 orbitals [10]
gb−2(r)/g
b
−1(r) ≈
r1+3(αZ)
2/8
2[3−(αZ)2]/2
(10)
in natural units, which evaluates to about 0.3% at the
nuclear radius so that its contribution is sub-percent even
when the overlap integrals are of the same order as the
|ns〉 orbitals.
Our results for the exchange correction are shown in
Fig. 1, together with those reported in Ref. [1]. Our
results point towards a substantially larger exchange ef-
fect in the very lowest energy range. Specifically, our ex-
change correction reaches 13% at 2 keV, to be compared
to 4% from Ref. [1], with the effect rising to 27% at
0.1 keV. Even though the latter lies under the detection
threshold of most experiments, a finite energy resolution
will propagate some of this effect further. We note that
we do not recover the downturn in our calculation. As
this is a multiplicative term to the β spectrum shape, the
increase reported here translates directly into a decreased
statistical significance of the reported XENON1T excess.
We will come to back to this in Sec. III.
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Figure 1. Comparison of our calculated exchange correction
and that as reported by Ref. [1]. The latter was reported to
have a flat 1% uncertainty, shown in the blue band. We have
chosen a 30% relative error, shown in the orange band.
Because of the scarcity of experimental data to com-
pare to, it is hard to rigorously define a theoretical un-
certainty. We remark that using the same methods, how-
ever, previously acquired theoretical results [9] show ex-
cellent agreement with the 63Ni and 241Pu spectra down
to the lowest energy bins. Configuration interaction (i.e.
beyond Hartree-Fock) estimates for lanthanum isotopes
showed changes of O(5%) near zero energy. As such, we
make a conservative estimate of a 30% relative error, and
note that more data is needed to rigorously quantify it.
4This translates into a factor 4 larger uncertainty estimate
compared to that of Ref. [1] at 2 keV.
C. Forbidden shape factor
We go into some more depth of the hadronic struc-
ture of the weak interaction Hamiltonian of Eq. (2), the
matrix element of which to zeroth order in QED is
nucl〈Jf ,Mf , Tf , T3f , αf |Hµ|Ji,Mi, Ti, T3i, αi〉nucl
≡ 〈f |Vµ +Aµ|i〉 (11)
where the notation is obvious. We use the Behrens-
Bu¨hring formalism, which consists of a spherical harmon-
ics expansion of the currents and encodes all nuclear in-
formation into model-independent form factors [11]. As
an example, the timelike component can then be written
as
H0 =
∑
LM
CJiJf ;Lmimf ;MYML (qˆ)
(qR)L
(2l + 1)!!
FL(q
2), (12)
where C denotes a Wigner-3j symbol, Y LM is a spherical
harmonic, q = pf −pi and R is the nuclear radius so that
qR  1. All information is now encoded in the form
factors FL(q
2), and if one performs a similar harmonic
expansion of the leptonic current, Eq. (3), the number of
contributing form factors and their prefactors are singu-
larly determined through angular momentum conserva-
tion. This is the so-called elementary particle method in
a nutshell [11–13]. The shape factor can then be written
for a non-unique first-forbidden β decay as
C(We) = M
2
1 (1, 1) +m
2
1(1, 1)−
2γ1µ1
We
M1(1, 1)m1(1, 1)
+M21 (1, 2) + λ2M
2
1 (2, 1) (13)
where the {M1,m1}(κe, κν) are a linear combination of
form factors, and κ are the angular momentum eigen-
values from the lepton spherical wave expansion. Fi-
nally, γ1 =
√
1− (αZ)2 and µ1 and λ2 are O{1+(αZ)2}
Coulomb functions [14].
In practice, the form factors are reduced to calculable
nuclear matrix elements through the impulse approxima-
tion. The latter assumes that the weak nuclear response
can be written as a sum of responses of individual free
nucleons moving in a mean-field potential. This allows
one to write
〈f |OK |i〉 =
∑
α,β
〈β|OK |α〉〈f |[a†βaα]K |i〉 (14)
where OK is an order K operator and α, β are single
particle states. The first term is a single particle ma-
trix element and can, e.g., be calculated analytically for
spherical harmonic oscillator functions. The second term
is a reduced one-body transition density (ROBTD), and
is calculated using a many-body code such as the nuclear
shell model.
The ground state to ground state decay of 214Pb
[0+] to 214Bi [1−] is a so-called first-forbidden β decay
(∆pi = yes, ∆J = 0, 1, 2). Direct orbital filling in the
standard Woods-Saxon potential leads to a proton (pi)
in the pi1h9/2 and neutrons (ν) in the ν2g9/2 orbitals as
suggested in Ref. [1]. The 1− ground state of 214Bi,
however, shows that even if this is the dominant configu-
ration, an effective interaction must be present to arrive
to a 1− rather than 0− ground state. The latter implies
that the average occupation of a (ν2g9/2pi1h9/2) config-
uration is necessarily less than 1. Further, the matrix
element 〈1h9/2|OKLs|2g9/2〉 has only a single radial node
from the initial state, so that the position of the node
determines the partial cancellation between positive and
negative contributions. In this respect, it is similar to the
decay of 210Bi for which a large deviation in the shape fac-
tor is well-known [15]. Unlike 210Bi, however, the partial
half-life of the ground state to ground state 214Pb decay
is not particularly hindered which would otherwise point
towards significant cancellation.
Because of spin-parity requirements, only rank 1 op-
erators can contribute to the decay, which to first order
reduce down to three different non-relativistic matrix el-
ements to be calculated
O1 : gV p, gV r, gA(σ × r) (15)
in the classic cartesian notation, with gV (A) the vec-
tor (axial vector) coupling constant. This is only
the simplest picture, however, as the interaction of
Eq. (2) must be integrated over the full nuclear
volume, which then folds in the spatial dependence
of the leptonic wave functions. Once again then
to first order the shape factor is determined by five
form factors: V F101,
V F110,
A F111,
V F110(1, 1, 1, 1) and
AF111(1, 1, 1, 1), where [16]
FKLs(ρ,m, n, k) ∝
∫
d3rφ†f (r)OKLsI(ρ,m, n, k; r)φi(r)
(16)
in impulse approximation, with I a function originating
from the expansion of the radial lepton wave functions.
For the leading order terms this is
I(1, 1, 1, 1; r) =
3
2

1− 1
5
( r
R
)2
for 0 ≤ r ≤ R
R
r
− 1
5
( r
R
)3
for R ≤ r
(17)
Finally, we note that the two vector form factors can
be related to each other through the conserved vector
current hypothesis, so that [17, 18]
V F101 = − 1√
3
∆T,T−1R V F110 (18)
where ∆T,T−1 ≈ 23.85 MeV is the excitation energy of
isobaric analogoue state from which we extract V F101.
5The full calculation taking into account all higher-
order terms consists rather of 23 terms [15], even though
the calculation is dominated by the first 5 we have men-
tioned above. We perform a shell model calculation
with the NuShellX@MSU code [19], using the uncon-
strained jj67pn model space and the khpe interaction
[20]. The latter was used in particular for a study of
210Bi. Since this is the only interaction available for this
region, our one-body transition densities are identical to
those of another very recent study [21]. We find good
agreement with the experimental lifetime for an effective
gA = 0.80± 0.15, in accordance with their results.
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Figure 2. Calculated shape factor using the khpe shell model
interaction using gA = 0.80 ± 0.15, for which we find almost
identical results to Ref. [21]. We show also the single parti-
cle estimate ν2g9/2 → pi1h9/2 for gA = 0.60± 0.10, and find
good agreement as discussed in the text. The dashed lines
correspond to changing the CVC prediction of Eq. (18) by
10%. The inset shows the influence of the λ2 Coulomb func-
tion, which becomes very large at low energies. All shape
factors are normalized to unity at 1/3 of the endpoint energy
for visual aid.
Our results are shown in Fig. 2. We have additionally
calculated the expected shape factor using a single parti-
cle transition ν2g9/2 → pi1h9/2, and find good agreement
for the partial half-life using gA ≈ 0.60. This is not sur-
prising since a more severe truncation of the model space
generally requires stronger quenching to reach agreement.
The shape factor, however, depends only the ratio of ma-
trix elements and tends to be less sensitive to the specific
value of gA. In this case, since the shape factor is dom-
inated by the AF111 form factor, the dependence on gA
is small. We also show the resulting effect of changing
Eq. (18) by 10%, as this relation is only approximate
and carries model dependence [11, 18]. This has the
effect of inflating the uncertainties by about 50%, and
so has a reasonable influence on the shape factor. Fi-
nally, the khpe shape factor lies very close to harmonic
oscillator estimate, which is reflected in the dominance
of the (ν2g9/2pi1h9/2) configuration in the shell model
ROBTDs, with only minor contributions from pi2f7/2 and
ν1i11/2, ν2g7/2 orbitals.
It is interesting, however, that at very low energies a
significant enhancement occurs because of the λ2 contri-
bution in Eq. (13). In this regime, the j = 3/2 com-
ponent of the electron wave function in the presence of
the final Coulomb potential is known to contribute sig-
nificantly [14]. Throughout the rest of the spectrum this
contribution is completely negligible. This appears to
not be included in the results of Ref. [21].
The predicted spectrum amplitude is lowered by about
20% in the 1-200 keV region of interest and a correspond-
ing enhancement is found up to high energies. Within the
context of the XENON1T experiment, this forces contri-
butions from other sources of background to shift. This is
particularly the case for the 133,136Xe isotopes, for which
the constraints on their activity are wide enough to ac-
commodate such a shift. In the 1-30 keV range, however,
the calculated shape factor is essentially flat and cannot
influence the observed excess for a normalized spectrum,
contrary to the claims of Ref. [21]. The λ2 contribu-
tion in our calculation is an exception here, however, as
some of its effect will be observable through the energy
resolution of the experiment.
D. Radiative corrections
Besides the Coulomb interaction between the emitted
β particle and the final state which is largely taken into
account through the Fermi function, additional QED cor-
rections contribute to O(α) and beyond. The majority
of this correction stems from real bremsstrahlung emis-
sion, with contributions from virtual photon exchange
mainly responsible for removing the infrared divergence
in a gauge-invariant way. These consist then of the well-
known outer radiative corrections [22], which are largely
model-independent. The requirements for which these
expressions were derived, however, typically do not hold
in calorimetric detection systems. Specifically, one as-
sumes that the real photon that is emitted from the de-
cay process goes either undetected or can be completely
disentangled in energy from the β particle. Up until some
energy, however, this is typically not possible.
In the case of LXe detectors, the path length of keV
photons is on the order of micrometers, whereas the de-
tector resolution is on the order of 1 cm [23]. As a conse-
quence, all photons which cannot be distinguished from a
β particle are counted only in the total energy deposited.
Below some threshold then, the sum Etot = Eβ + Eγ is
counted, whereas above this threshold the analysis proce-
dure decides what happens. There has been limited ana-
lytical work regarding this situation, and results are only
available for O(α) corrections [24–26]. Figure 3 shows
results for the standard O(α) radiative corrections [22],
the finite energy resolution (FER) results for a range of
6soft photon thresholds between 10 keV and infinity2 [26],
and the full radiative corrections up to O(α3Z2) [2, 3]
which we discuss below.
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Figure 3. Comparison of O(α) radiative corrections with a
perfectly distinguishable photon, O(α) RC using a finite en-
ergy resolution between 10 keV and infinity, and the full radia-
tive corrections as in Ref. [2, 3], the latter assuming perfectly
distinguishable photons.
We make a crude estimate of a soft photon threshold
energy from the position resolution of the XENON1T
experiment [27] and X-ray stopping power tables [28].
We take the conservative estimate that two vertices are
distinguishable on average when separated by one full-
width at half-maximum, and consider the effect after one
absorption length. This crude estimate translates into a
soft photon threshold of ∼ 400 keV, which corresponds
to the full FER line in Fig. 3. The FER results are not
very sensitive to the energy cut above a few tens of keV,
with the results quickly approaching those of an infinite
threshold. While a normalized spectrum will change the
amplitude at 0 keV by up to a percent, the change in
slope is only on the order of 0.3% within a 0-200 keV
window, but up to 3% over the entire spectrum.
This brings us to higher order radiative corrections of
O(Zn−1αn) ≡ δn. The development of radiative correc-
tions has a storied history and has been at the forefront
of BSM physics searches for many decades [2, 29, 30].
Higher-order O(Zα2) and O(Z2α3) terms are known
within reasonable approximations, for which an exhaus-
tive overview can be found in, e.g., Ref. [2]. The radiative
corrections employed in Ref. [1] are energy-independent
2 We note for posterity that the last term in Eq. (9) of Ref. [26]
should instead read Θ(Emaxe − (∆E + Ee))I(∆E,Ee).
by Mougeot [31]
δm2 = 1.1Zα
2 ln
(
mp
me
)
(19)
δm3 =
Z2α3
pi
(
3 ln 2− 3
2
+
pi2
3
)
ln
(
mp
me
)
, (20)
where mp is the proton mass and we have corrected what
is assumed to be a typo for the leading log. These ap-
pear to be inspired by the works of Jaus and Rasche
[32, 33], although it is unclear how one arrived to, e.g.,
Eq. (19) from the original results in Ref. [32]. Regard-
less, throughout the decades following those results in-
consistencies were resolved and missing terms identified
[34, 35]. The full results can be found elsewhere [2]. As
an example we write the ‘model-independent’ parts of δ2
δMI2 = Zα
2
[
ln
(
mp
me
)
− 5
3
ln(2W ) +
43
18
]
(21)
in the extremely relativistic approximation, while the
model-dependent part requires knowledge of the charge
distribution and is energy-independent. Similarly, δ3 has
several energy-dependent terms, writing only the leading-
log terms
δ3(W ) ≈ Z2α3
[
6.63 ln(W )−2.09 ln2(2W )−0.65 ln(2W0)
]
(22)
where we have numerically evaluated the prefactors for
convenience. This translates into the curve shown in
Fig. 3, which was calculated using the BSG library [3]
and where all terms were included. Relative to the or-
der α results, this introduces a slope on the order of 1%
MeV−1, and dominates in the absolute magnitude3. Re-
sults up to this order have only been calculated for the
leading-log terms, however, and an estimate of their un-
certainty is not settled. Historically, a 100% uncertainty
was attached in the superallowed Fermi ft analysis [30],
which we adopt here. Additionally, no analytical results
are available to take into account the soft photon thresh-
old due to the computational complexity, so we simply
conservatively estimate the uncertainty at 1% from the
behaviour of the O(α) terms.
Finally, because αZ ≈ 0.6 for the 214Pb transition,
even higher contributions become non-negligible. We are
not aware of any calculations that have been performed,
other than a heuristic estimate by Wilkinson [36]. The
latter describes an estimated geometric series summa-
tion of δn for n = 4 to infinity using only the leading log
results [2], which for Z = 83 results in a total contribu-
tion of 1.2%. These results are highly approximate, and
3 We note that the proper radiative corrections also result in a
2.5% lower magnitude than what is obtained from Eq. (19) and
(20). This is not relevant for the spectral shape, but is directly
proportional to the ft value.
7not corroborated through more detailed calculations. As
such, we attach a 200% uncertainty to this value to allow
for a sign change.
In summary, because of the contribution of corrected
N(2,3)LO QED results, a finite soft photon threshold in
calorimetric systems, and heuristic estimate of higher-
order results, changes on the few percent level are ob-
tained. If we take estimated uncertainties in quadrature,
this results in an uncertainty of 3.5% because of the ex-
tremely high Z value and unknown detector response. In
the original work [1] no uncertainty was included.
III. SUMMARY AND OUTLOOK
An accurate description of β spectra down to very low
energies, i.e. the first few keV, is an extremely challeng-
ing task because of the multitude of effects that become
prominent there. Since almost all of the latter are elec-
tromagnetic in origin, their importance and complexity
scales roughly with αZ. For LXe detectors whose main
background at these energies arises from high-mass decay
products of natural radioactivity, accurate calculations
require heightened attention and scrutiny. We have com-
mented here on three elements of the calculation of Ref.
[1] for the ground state to ground state 214Pb to 214Bi
β decay and described significant improvements relative
to their initial implementation. All of these give rise
to changes much larger than the estimated uncertainty
in Ref. [1]. Specifically, we have shown an increase of
> 10(3)% in the decay rate in the 1-3 keV regime, to
be compared to the estimated uncertainty of 1% of Ref.
[1]. Further, detailed nuclear structure calculations show
that the shape factor has a significant slope, leading to
a change of almost 20% in the 1-200 keV analysis and
60% over the entire spectrum versus an estimated uncer-
tainty of 5% in Ref. [1], confirming the results of [21].
Interestingly, however, because of higher-order Coulomb
effects not taken into account in Ref. [21], the shape fac-
tor contains an upward shift of more than 5% in the 1-5
keV window. We have considered an additional source
of uncertainty in the evaluation of an approximate form
factor relationship dictated by CVC, which increases the
shape factor uncertainty by an additional 50%. Finally,
we have shown that the radiative corrections used in Ref.
[1, 31] are incomplete and are not consistent with the
state-of-the-art at the few percent level in absolute mag-
nitude and slope. Combined with estimates of detector
efficiency and heuristic estimates of as of yet not cal-
culated higher-order radiative corrections, an additional
conservative uncertainty of 3.5% was added. Our results
are summarized in Fig. 4.
Significant changes occur throughout the entire spec-
trum and in the first few keV in particular. In the latter
portion a steep change arises both from the λ2 Coulomb
function effect of Sec. II C and the significantly enhanced
exchange effect of Sec. II B. For the majority of the spec-
trum, the largest change is a result of a calculated shape
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Figure 4. Overview of the spectral changes and uncertain-
ties for the ground state to ground state 214Pb β decay, the
dominant background at low energies in LXe detectors. Top:
difference in spectral shape between our work and Ref. [1],
with dashed lines showing results without the exchange ef-
fect. The common spectrum shape was calculated using BSG
[3] based on Ref. [2]. Bottom: Ratio between the spectral
shapes. The gray band shows the quoted uncertainty of Ref.
[1], whereas the red band shows our uncertainty.
factor with a positive slope significantly different from
zero, discussed in Sec. II C. In the 1-200 keV region of in-
terest of the XENON1T experiment [1], this corresponds
to a downward shift of almost 20%. This implies a lower
contribution of the other backgrounds, mainly above 100
keV. Here the background model is dominated by 133Xe
and 136Xe, whose amplitude constraints can easily acco-
modate such a shift. Since the shape factor varies only
very slowly on a keV scale, however, this large slope does
not directly contribute to the observed excess, with the
exception of our inclusion of the λ2 contribution. Finally,
we have estimated a β spectrum shape uncertainty based
on physical arguments which translates into at least a
doubling of the uncertainty at low energies compared to
Ref. [1]. As a consequence, the statistical significance
of the observed excess will be reduced, although the fi-
nal result depends on the complex analysis chain of the
XENON1T experiment.
In the future, measurements of the 214Pb ground state
to ground state β spectrum and close neighbors will be
vital in assessing the uncertainty budget of its inclusion,
particularly because of its expected strong deviation from
an allowed shape. Both the effects of the atomic exchange
correction and the shape factor give rise to changes of
several percents over modest energy ranges, although the
8lowest energies are extremely challenging to determine to
very high precision. An interesting path forward in this
endeavor is through the use of cyclotron radiation emis-
sion spectrometry (CRES). It is currently used for high
precision measurements of the tritium endpoint energy
by Project 8 [37] and development work is being done to
use CRES for, e.g., a full 6He β spectrum at the Uni-
versity of Washington [38] with the possibility of mea-
suring gaseous isotopes up to the highest masses. This
would provide invaluable and clean tests for the atomic
calculations that go into the first tens of keV in β de-
cays throughout the nuclear chart. A measurement of
the shape factor of 214Pb is particularly challenging be-
cause of the very similar lifetime of the 214Bi final state,
and its production chain from 222Rn. A possibility that
is being investigated uses an ion trap [39] to load puri-
fied 214Pb and measure its decay through β-γ coincidence
while using the α-particle from the 214Bi chain as a tag.
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